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Abstract: This article explores the interconnections among the single-valued neutrosophic grill, single- 
valued neutrosophic primal and their stratification, uncovering their fundamental characteristics 
and correlated findings. By introducing the notion of a single-valued neutrosophic primal, a broader 
framework including the fuzzy primal and intuitionistic fuzzy primal is established. Additionally, 
the concept of a single-valued neutrosophic open local function for a single-valued neutrosophic 
topological space is presented. We introduce an operator based on a single-valued neutrosophic 
primal, illustrating that the single-valued neutrosophic primal topology is finer than the single-valued 
neutrosophic topology. Lastly, the concept of single-valued neutrosophic open compatibility between 
the single-valued neutrosophic primal and single-valued neutrosophic topologies is introduced, 
along with the establishment of several equivalent conditions related to this notion. 


Keywords: single-valued neutrosophic primal; single-valued neutrosophic primal topology; single- 
valued neutrosophic open compatibility 


1. Introduction 


Topology, a highly versatile field of mathematics [1], finds extensive application across 
both the scientific and social science domains, prompting the emergence of numerous 
innovative concepts within its standard frameworks. Kuratowski [2] examined the notion 
of ideals derived from filters, which can be seen as dual to filters. The notion of the 
fuzzy grill was given by [3]. Chattopadhyay and Thron [4] utilized grills to establish 
various topics, including closure spaces, while Thron [5] defined proximity structures 
within grills. Roy et al. [6] introduced novel definitions related to grills, with Roy and 
Mukherjee [7-9] subsequently exploring diverse topological properties associated with 
grills. Numerous applications stemming from these studies are documented in various 
works [10-16]. Given the dual nature of primal concerning grills, we draw inspiration from 
Jankovié and Hamlett [17] to introduce a new topology based on ideal structures. 

The concept of neutrosophic sets, introduced as a generalization of intuitionistic fuzzy 
sets, was initially proposed in [18]. Salama et al. [19] and Wang et al. [20] have extensively 
investigated neutrosophic sets and their single-valued neutrosophic, abbreviated as sun 
, counterparts. Numerous applications stemming from these studies are documented 
in various works [21-24]. Stratified single-valued soft topogenous structures have been 
studied by Alsharari et al. [25]. 

Saber et al. have conducted extensive research on single-valued neutrosophic soft 
uniform spaces, single-valued neutrosophic ideals, abbreviated as sunis, and the connect- 
edness and stratification of single-valued neutrosophic topological spaces expanded with 
an ideal [26-28]. The neutrosophic compound orthogonal neural network (NCONN), for 
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the first time, contained the NsN weight values, NsN input and output, and hidden layer 
neutrosophic neuron functions; to approximate neutrosophic functions, NsN data have 
been studied by Ye et al. [29]. Shao et al. [30] introduced the concept of the probabilis- 
tic single-valued (interval) neutrosophic hesitant fuzzy set, extensively investigating the 
operational relations of PINHFS and the comparison method of probabilistic interval neu- 
trosophic hesitant fuzzy numbers (PINHFNs). Ridvan et al. [31] examined the notion of the 
neutrosophic subsethood measure for single-valued neutrosophic sets. The neutrosophic 
fuzzy set and its application in decision-making was defined by Das et al. [32]. 

The objective of this paper is to explore the inter-relations between the single-valued 
neutrosophic grill (svn-grill) and single-valued neutrosophic primal (sun-primal), along with 
their stratification, while showcasing some of their inherent properties. Additionally, we 
investigate the quantum behaviors within a novel structure denoted as &*(7'"", P™”), 
as defined in Definition 11. Furthermore, we introduce and analyze both the svn primal and 
its associated topology. We also derive several preservation properties and characterizations 
regarding svn-primal open compatibility. 


2. Preliminaries 


This section presents the fundamental definitions and results necessary for our study. 
Initially, we define a neutrosophic set (for short, n-set) and a single-valued neutrosophic set 
(for short, sun-set). For a more comprehensive understanding of n-set theory and svn-set the- 
ory, readers are directed to [18,20,33]. Conventionally, €* denotes the family encompassing 
all sun-sets, defined on £. Here, € = [0,1], G9 = (0,1] and for any « € G andz € £,x(z) =a. 


We begin with the definition of a neutrosophic set as follows: 


Definition 1 ([18]). Let £ be a non-empty set. An n-set on £ is defined as 


[7] 


= {(z, %3(z), 22), 02(2)) | x € £,%4(2), 9(Z),09(2) €]-0,1" L}, 


representing the degree of membership where (tT, (z)), the degree of indeterminacy (7t(z)) and degree 
of nonmembership (0,(z)); Vz € £ to the set &. 


We now discuss the concept of the sun-set, which is a more specific type of neutro- 
sophic set. 


Definition 2 ([20]). Let £ be a space of points (objects) with a generic element in £ denoted by z. 
Then & is called an sun-set in £ if & has the form & = {(z,T,(Z), ™(Z),0,(z)) | x € £} where 
Tx, Mz,02:£— € = (0,1). In this case, oz, 71, and tz are called the falsity membership function, 
indeterminancy membership function and truth membership function, respectively. 

An svn-set © on £ is named as a null svn-set (for short, 0), if tz(z) = 0, 1z(z) = land 
0a(x) =1, forallz € £. 

An svn-set © on £ is named as an absolute svn-set (for short, 1), if Ta(z) = 1, 72 (z) = 0 
and om(z) = 0, forallz € £. 


Example 1. Suppose that £ = {l1,1z,13}, |, is capability, lp is trustworthiness and Is is price. 
The values of 11, lp and 13 are in € = [0,1]. They are obtained from the questionnaire of some domain 
experts, their option could be a degree of “good service”, a degree of indeterminacy and a degree of 


yom 


“poor service”. & is an sun-set of £ defined by 
& = (0.2,0.3,0.8) /1, + (0.8,02,0.3) /12 + (0.7,0.1,0.2) /13, 
© is an sun-set of £ defined by 


© = (0.6,0.1,0.2) /1, + (0.3, 02, 0.6) /Iz + (0.4, 0.1, 0.5) /13. 
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To better understand the properties of sun-sets, we will now discuss the complement 
of an svn-set. 


Definition 3 ([20]). Let & = {(x,T3(z), 12 (Z),7%(z)) }e: x € £} be an sun-set on £. The com- 
plement of the set & (&°) is defined as follows: 


Tac (z) = U2(2), Tac (z) = [75]°(z), Ox (z) = Ta {Z). 


The following definition provides more insight into the relationships between svn-sets, 
introducing the notions of subsets, equality and special sets. 
Definition 4 ((34]). Let &,© € é, then, 
(1) is said to be contained in ©, denoted by & C ©, if, for eachz € £, 


Tz (Z) S To(Z), Mz (Z) 2 Mo (Z), %(Z) 2 F(Z). 
(2) is said to be equal to ©, denoted by 2 = ©, iff COandO CE 


In the context of sun-sets, we introduce definitions related to the intersection and union 
of sun-sets. Further, we discuss the concept of a single-valued neutrosophic topological 
space (sunts) and the properties it entails. 


Definition 5 ([33]). Let =, € &. Then, 
(a) &A @isan (svn-set), if Vz € £, 


BA@ = ((tz A T)(2), (Mz V M9)(2), (02 V %)(2)) 


where (TA T,)(Z) = Ta(Z) A Te (2), (a V Tq) (Zz) = a (Z) V 19 (z) and (0, Vog)(z) = 
(2) VdglZ).V Ze £, 
(b) &V Oisan (svn-set), if Vz € £, 


BVO= (GV %)(2), (Ae At) (2), (G Age) ())- 


Now, we discuss the concept of svnts, which consists of a set £ and three mappings 
T*,T™%T° :C* — € that satisfy specific axioms. 


Definition 6 ([27]). An sunts is an ordered (£,T7*,T7,7°) where T*,T7",T° : C& + Cisa 

mapping satisfying the following axioms: 

(SVNT1) ee 7 1) lend = 77) = 

(SVNT2) TT(EAO) > TT(S)AT (0), T™(EAO)< 
T° (EA) < T° (E)V T° (0), fe a ie eee 

(SVNT3) T* Ve ji) 2 Ajo T (Sj), = 7" (Vie (Sj) S 
T? (Vie (Sj) S Vier T° (Sj), for every B; € ze 


SS ae 


For the sake of brevity and clarity, we sometimes denote (7°, 77,7”) as T°” with- 
out causing any ambiguity. 


The following theorem establishes an operator that satisfies specific conditions, which 
further clarifies the properties of sunts. 


Theorem 1 ([27]). Let (£, 7°”) be an sunts. Then, for all r € & and E € &, we define the 
operator C : €£ x &y > € as follows: 


Tete 


Cone (Zr) = \{OEF|E<O, T(O)) Sr, T™(O)) <1-17, T’(O*)) <1-7}. 
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For any 5, © € & and r,s € €o, the operator Crime satisfies the following conditions: 


(CYC 
(C2) & 
(C3)<C 
(C4) Cee 
(oe 


4 
IA 3 
q 
bai, 4 
ol 
~ 
att 


4 
a 
a 
q 


—_~—~ 
Qf 
4 s 
1 AN 
a ~S—~—"_ | ~ 
< fl 
ala . 
= 
Va 
| 
Q 
4 
a 
al 
g 
— 
om 
= 
Va 


3. Stratified Single- Valued Neutrosophic Grill with Single- Valued Neutrosophic Primal 


In this section, we explores the interconnections between single-valued neutrosophic 
grills (sun-grills ) and single-valued neutrosophic primals (svn-primals), along with their 
stratification. We also present a new structure within the context of single-valued neutro- 
sophic topology, referred to as an svn-primal. This novel structure is the dual counterpart 
to the sun-grill. 

We start with the following definition: 


Definition 7. A map G™,G™,G° : C£ — Cis called an svn-grill on £, if it meets the following 
criteria: 


(G,) G™(0) =0,G7(0) =1,G7(0) = land Gt(1 

(G,) If& < ©, then G*(&) < G™(O), G*(E) > : 

(G,) G(EVO) < GE) VGt(O), G(EVO)>G"(E)A 
G°(@), VE,Oc &. 


An svn-grill is called stratified iff (G*™,G",G°) satisfies the following condition: 
(G,)GT(EV) <G(E)Va, GEVa)>G(E)Aa, G(EVa)>G(E)Aa, VEE 
and a € é. 

For the sake of brevity and clarity, we will occasionally denote (G*,G”,G°) as G°™”. 

A single-valued neutrosophic grill topological space (sungts) is defined as the triple (£, T°’, 
Gr), 


ww 
I 

_ 

Q 

a 

Qo 


Theorem 2. Let (G™”) be an sun-grill on £. Define GG Go: (Ae 


st’ 


Gx(E) = /\ V 


{E,mMlicek® | E.mMe{E,mMliel} 


Lend 
a 
= 


G2 (S) = V A G™(B,) Va, pe, 
{(2,a lie }eX(S) | (2a )e{ (Em lies} 
G° woh 


Ney 
pa) 
cc) 
| 
a 
> 


o 
m7 
= 


{Em )lie}ec®) | G,me{E,m lier} 


where K(Z) = {{(&,,@,) |i € J,] is finite index set} and & < \icj(Z, Va,)}. Then, (Gl, 
G™, G°) is ae egueea) aniel sun-grill on £ which is finer than (G™,G™, G°). 


shy 


Proof. First, we will prove that (Gl, Gi, G Ay is a stratified sun-grill on £. 
(G,) and (G,) are straightforward. 
(G,) Assume that there exist £,@ € such that 


G(EV®) £G°(E) VG"), G" (EV @) # 9"(B)AG"(O) 
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G°(EVO) ZG"(E) AG"). 
By the definition of (G1, G7, G°), there exist {(@,,a,) | t € J} © K(E) and {(©,,@,) |4 ET} 


K(©) such that 
G"(EV@) # V G(E,) Va, G™(®,) Va, 
(E,,@,)€{ (E,,%)|teT} (9; a; on @,)|LeT} 
G"(EVO) x \ G"(S,) V a, G"(O,) Vw, 
(2,,a, )e{ (2m, )|tel} (0,4; me (@,)\teT} 
G"(EVO) £ A G&)va, g°(@,) Va, 
(E,m)€{ (E,@,)\tet} me 0) tT} 


GV a, ifkeJ—(UJnr), 
1,VG=4 O,Va,, if keT—(JNT), 
(2,Va,)V(O,Vw,), if ke Ja4r). 
On the other hand, 
EVO<| A(,Va4,) v (Ave) = A (1, v0) and {(1,,8) |k € J UT)} € K(EVO). 
te J eT ke(Vr) 


Then, we have 


GIEV®) < V G*(II,) Ve, 


(Il,,a,)€{ (1,.@)|ke (Jur) } 


= V G°(E)Va,} Vv V/ GO) Va, 
(@,,@ )e{ (2,,, )lteT} (0,4 )€{(©,@,)|seT} 
G™(ZV®@) > /\\ G*(I1,) Ve, 


(Hy )€{ (1, ) lke JUL) } 


- A g%(&)va,} A A 9@)va, 
(3,,@,)e{ (Em, )\te]} (0,0; )€{(,@,)|seT} 
Go (ZV ®) = /\ GT(II,) Ve, 


TQ )€{ (H,.@,) lke Ur) $ 
= A 9%) va] A A @)va, 
(E,,@)€{ (E,.@,)ltes} (0, @ )e{(O,,@,)|seT} 


This is a contradiction. Thus, (G3) holds. 
(G.t) Assume that there exist = € €£ and a € @ such that 


Gi(EVE) £GI(S) Va, Go(ZVa) ZGI(E)A 
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Go(EVR) AGE) Aa. 
By the definition of (G7,G7,G°), there exist {(&,,@,) | t © J} © K(S) such that 


st’ ~ st’ 


G° (EVE) Z \ G°(E,)Va,| Aa 


1 


On the other hand, BV @ < (pe(jnr) (©; V @) where oe, = a, V a; then, {(&,,0;) | t € J} € 
K(&V @). Then, we have 


G(EVE) < VV Gie)Va,| = VV G°(E,) Va, | Ve 
(EA )€{ (EQ )|teI} (,,m)e{ (E,.%)|teT} 

G7 (EVE) > G™(E,)Va, | = \ G"(E,) Va, | Aa, 
(E,@)E{ (E,@ tes} (2,,@,e{ (Em, )\tet} 

Go (EVE) > \ G°(E,)Va,} = \ G°(E,) Va, | Aa. 
(2,%)€{(2,,% Ite} (e,me{(E,a ltl} 


This is a contradiction. Thus, Gs; holds. Hence, (G7,G7,G oi is cae 


st’ st” 

Second, for any E € & , there exists a collection {7} with 5 < 2V@ such that 
G7(B) < G™(S), G7(E) = G"(S) and G°(E) > G°(S). Thus, (G7, gin G°) is finer than 
(G*,G™,G"). 

Finally, consider (G*",G*",G*”), a stratified svn-grill on £ which is finer than 
(G",G™,G"). And we will show that Gi(S) > G*"(S), G7(S) < G**(S) and G°(S) < 
G*"(Z). Assume that © € ¢* such that G™(E) % G*T(E Be 7(8) £G*"(E) and G°(S) £ 
G*" (2). . By the definition of (G7,G7,G°), there exist {(@,,a,) | f € J} © K(S) such that 


ete at” 


G**(E) £ V G(E)Va, |, 
(©, e{ (E,m Ite T} 


grr Ez) z 
ee ite} 


G*"(&) Z G°(E,) Va 
vee (E,,m,)|teJ} 
On the other hand, (G*™, G** a is stratified; then, we have 
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ea) 


G**(S) <o"(Aevm| 
te] 


te] 
< VG") Ve) 
te] 
< V G°(E;) Vw, 


Likewise, we can establish through a similar line of reasoning that 
G*" (mh) > \ G"(B.)Va, Gr (E)> \ G°(S,) V &,. 
(2m )e{ (Em )|teT} (2m )e{ (Ee) tel} 


This is a contradiction. Hence, (G7,G7,G°) is the coarsest stratified sun-grill on £ which is 
finer than (G™,G7,G°). 


In order to better understand the notion of sun-primal mappings, let us provide some 
context for the following definition. Consider a non-empty set £ and a mapping P',P™,P° : 
he — ¢. We will now introduce certain conditions that, when satisfied, characterize the 
mapping as an sun-primal on £. 


Definition 8. Let £ be a non-empty set. A mapping P*, P™, P® : C* — € is said to be sun-primal 

on E, if it meets the following conditions: 

(PI) Pt) =0,P"* 7) = 1,7" 1) = land P* 0) =1, aS = 0,70) =0. 

(P2) If < ©, then P™(©) < P*(Z), P™(@) > P*(H), P"(@) > P"(Z), VEO€ 

(P3) P*(EAO) < P(E) V PO), P™(EAG) = P*™(E)AP™(O), P(EAG) > 
P°(Z) AP? (©), V 5,0 € &. Sometimes, we will write P*™ for (P™, P™, a. 


If P’" and P**” are sun-primals on £, then "P*’? is finer than P**? or ( P**™ is 
coarser than P*”")” denoted by P™™" < P**? ifand only if 


P*(E) < P*(@), P™(Z) > P*"(O), P° (SE) > P*7(O),V, 2,0 € &. 


The triable (£,T°", P*””) is called a single-valued neutrosophic primal topological space 
(sunpts). For « € Co, (£,7,°7", Px”) is primal topological space (pts) in [35]. 


Remark 1. The terms (P2) and (P3), in Definition 10, correspond to the next condition 
PT(EAO) =P™(E)VP*(O), P™(EAO) FP™(E)AP™(O), P7(EAO) FP? (E)AP"(O) 
Example 2. Suppose that £ = {l,,lz,13}; define the sun-set © € €* as follows 
© = ((0.4,0.4, 0.4), (0,0,0), (0,0,0)) 
Define the mappings P™, P™, P® : & — €as follows: 
5, 
ifi=0 


if0<E<@, 
p otherwise, 


P(E) = 


One AIR FR 
~ ~ ~~ 
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0 fea; 
3 ee 
Th () — q fe, 
Pe) 4, f 0<E<@O, 
1, otherwise 
0. FE=0, 
1 oes 
(Rm) — OM 7 oe) 
‘ee i Ff 0<E<@, 
1, otherwise, 


Then, P*? is sun-primal on £. 


Theorem 3. Let (G*,G7,G”) be an sung on £. Then, the collection {@ € é : G™(@®°) > r 
G™(@°) <1—17,G°(@°) <1—1,r € Go} is an sun-primal on E. 


Proof. (P,) Since G™(0) = 0,G7(0) = 1,G7(0) =1 and G*(1) = 1,G7(1) = 0,G7(1) =0 
implies that P™(1) = 0,P7(1) = 1,P7(1) = 1and P*(0) = 1,G7(0) = 0,G7(0) =0. 

(P) Let & < ©; then, O° < H¢ and, thus, 

r<Gt(O°) <G'(S), 1-r>G"(O°) > G"(B), 1-r>G°(O°) > G" (EZ). 


Hence, P™(@) < P*(S), P™(©) = P*(E), P’ (©) = P(S). 
(P3) Suppose 


PT(EA@) £ P(E) V P*(0), PEEAO) 2 P"(B)AP*(@), 
P° (BAO) FZ P?(E) AP? (0). 
Then, there exists r € ¢, such that 
PT(EA®) >r> P(E) Vv PO), PrEKO) S11 P(E) APO), 


P°(EAO) <1—r< P(E) AP (O). 


Since P™(E AQ) > 1r,P™(ZAO) <1-—randP’(ZAO) < 1-17, wehave Gt([EAO]‘) > 1, 
P™({EA @O]°) < 1—rand G’({EA O]°) < 1—r implies that 


G(R’ V@) >7, G"(B° VO’) <1-1, G° (BVO) <1-r. 
From the definition of G™”’, we have 
G*(B°) VGT*(O°) > GT(E° VO’) > G"(E°) AG" (O°) < G™(E°V O°) <1-7, 
G" (E°) AG? (O°) < G°(E° VOC) <1—r. 


Since G™(H°) V G™(@°) > 7, G™(E°) AG™(@°) < 1-17 and G°(E° VO) < 1-1, we 
obtain G™(@°) > r, G™(O°) < 1-17, G°(@°) < 1—rand GT(H*) > 7, G*(8°) < 1-7, 
G°(&°) < 1—r implies that P™(O) > r, P7™(O) < 1-17, P°(O) < 1—rand PT(S) > 7, 
P™ (a) < 1-17, P°(S) < 1-1. Hence, 


PQ)VP*O) >, P*(E)AP*(O) <1-4, 


P°(S) \P"() <1-r. 


This is a contradiction. Consequently, (P3) holds. 


Proposition 1. Let {P*""} jej be a collection of sun-primals on £. Then, their union \/jej Pi” 
is also an svn-primal on £. 
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Proof. Directly from Definition 7. 


4, Single-Valued Neutrosophic Primal Open Local Function in Sostak Sense 

In this section, we investigate the concept of svn-primal open local functions within the 
context of Sostak’s sense. Our primary focus is to explore the properties of these functions 
and their relationship with svnts and neutrosophic primals. Through a series of definitions, 
theorems and discussions, we aim to provide a comprehensive understanding of this unique 
concept and its implications in the domain of neutrosophic topology. The introductory 
results presented here lay the foundation for further exploration of this fascinating topic, 
shedding light on the details of svn structures in the sense of Sostak. 


Definition 9. Letn,m,v € Cgandn+m-+v <3. A single-valued neutrosophic point (sun-point) 
Yam» is an sun-set in &* for each z € ©, defined by 


_ lee) Fe Hs 
Oe eee nee 


An svn-point y,,,,,, is said to belong to an svn-set & = (z, T(z), 7z(Z),02(z)) € C* , denoted by 
Vimo © Siffn < T(z),m > 7, (z) and v > o,(z). We indicate the set of all svn-points in £ as 
(sun-point (£)). 

For each y,,,,. © svn-point(£) and © € ¢® we shall write y,,,,,,, quasi-coincident with &, 
denoted by Y,, 1.9%, if 


0-2) > 1, Waele) Oe, (z) = 1. 


For all ©,& € & we shall write 2 q 0 to mean that & is quasi-coincident with © if there exists 
z € £such that 


T;(Z) + T(z) > 1, 75 (2) + Mo(z) SU, 95 (Z) +9 (z) <1. 


Definition 10. Let (£,7°”) be an sunts, for all 5 € © , Yj», €s0n-point (£) andr € &. Then, 
5 is said to be an r-open Q 770 -neighborhood (r-OQN) of Yn,m,o, defined as follows 


Q ano Visoeh) _ {a € CY mo Po T‘(&)) 2 r, Te) < 1 —T, T° (S)) S 1 _ we 
Lemma 1. An svn-point y,,,,,, © Crrn0 (©,1) iff every r-OQN of y,,,,. 18 quasi-coincident with 5. 


Definition 11. Let (£,7°’, P*””) be an sunpts, for each r € €y and & € ¢*. Then, the single- 
valued neutrosophic primal open local function &*(T°"", P*™””) of & is the union of all sun-points 
Yame Such that if © € Drone (Yumort) and P* (1) > r, P*™ (I) < 1-7, P° (II) < 1-1, then 
there is at least one z € £, for which T(z) + T(z) —1 > 1, (Z), 73 (Z) + Te(z) —1 < my (Z), 
0,(2) +0,(2) =1< 0,2). 


In this article, we will write &* for (7 °"", P™””) without any ambiguity. 


Example 3. Let (£,7°,P*””) be an sunpts. The simplest sun-primal on £ is Pl,P%, Pe : 
c* > f where 


, f a= 0, 


1 
0, otherwise, 


0, if Z=0, 
1, otherwise, 
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0, if B=0 
O(F = y y 
Py (2) { 1, otherwise, 


FRU = ae then, for each & € fr © &o, we have oF = Coeur (&,r). 


Theorem 4. Let (£,7°"") be an sunts and P{”", Ps” be two svn-primals on £. Then, V 
5,0 € andr € , we have 

1) If& <6, then &* < ©%. 

3) BX = Cyrene (EX, r) < Cerne (Br). 

4) If (BAF < Ef. 

5) IfP™(@) >4r, P™(O) <1—rand P’(O) < 1-1, then (ZV O)* = Sk V O% = EF, 
6) (FV OF) = (EVO). 

7) T*(O) >r,T77(O) <1-—rand T° (©) <1-1, then, (OA E*) < (OASE)¥. 

8) (EF AGF) 2 (EA). 


Proof. (1) Let = € @ andr € 9 such that 2* < @*. Then, there exists z € Land n,m,v € & 
such that 


Ta (z) >n> Tos (z), T.(Z)<m< Tye (z), 0.4 (Z) < Uv < @s(zZ). (1) 


Since T, » (Z) Te, » (2) > mand o@;(z) = v, there exists A © Qpine (Ynmyr 1) With 
P* (I) >, P™ (II) < co P° (II) < 1—,1, such that for every x € £, we have, 

Gir uae-liae ays) pagal Sale). ys) Pegs) = 1S Ae). 
Since E < ©, we have 

C(x Ge 1s Bix). mye) ere) — 1S ee), ole) 1 Se). 


So, Tas (2 )<n, Th (z) = mand oz;(z) = v, and this is a contradiction for Equation (1). 
Hence, a < OF. 

(2) Suppose that &*(P{"", 7777) 2 Sk(Pz77,T"”). Then, there exist z € £ and 
n,m,v © 9 such that 


Tax (pine rrno) (z) <n as Tay (pyre rtHo) (z), 


TU, 


appre reno (2 ) Ea m > Tas (pyre, TTC) (2) (2) 


Ospeprne reno) (2 ) = v> Tas (pyre, TTC) (Z). 


Since Tax (pine, TIM) (z) <n, Tas (pine, TTT) (z) 


A € Q pene (Yeaiaet ) with Pid ) = T; Pr (II ) 


x € £, we have 


ior (PI™, Tene) 


> m and ¢. (z) => v, there exists 
S17; Fi), (1 ) < 1-1, such that for every 
T,(X) + (Zz) -1<S (x), y(x) + 7g (x) -—1> my(x), o4(x) +0_(x) —1 > a(x). 
Since, Pj (HM) > PI (HM) > r, PFT) < PID) < 1-47, Py (ID) < PY) < 1-1, we have 
T,(X) + (Zz) -1< (x), m1y(x) + 7g (x) -1> my(x), o4(x) +0_(x) —1 > a(x). 


Hence, T, Tap (pene, qrnoy (2 )<s, Tay pyre, gro (2 ) > mand Oss(prne, pores (2 z) > v, and this is a 


contradiction for Equation (2). Thus, Ef (Pi"", 7°") > Bt(PI"C, Te), 
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(3) Assume that &* £ Cyr (H,1); then, there exist z € £ and n,m,v € Go such that 


Ty =F (2 ) cate a "ee » (2), Tx (z) pa ses Me, nce (Gr)? Ons (z) ae OG enaplea (z). (3) 
Since T, + (z z)>n, Ths (Z z) < mand 7,,,(z) < v, we have y,,,,, © 37. So, there is at least 


one x € £, for each A € Dae Vanes r) with PL) Se PD) sl PU) Si 
such that 


1,(x) + te(x) > Gyl2)+L, ey (x) + Mg(2) S Mey (z) + 1,04 (x) +05 (x) Son (x) $1. 


From Lemma 1, we have y,, ,,, © Cyr (&,1r). This is a contradiction for Equation (3). Thus, 
EX < Cyrno (Hr). 

We will now prove this relationship B* > Cyr (S¥,r). Assume that 2% 2% Cpr (GF,1); 
then, there exist z € £ and n,m,v € G9 such that 


tie) eS 


of — Crtne (EF) (z), Tax (z) = m > 7 


Cano (SP) (z), Og (z)>e> Conene (Eh) (z). (4) 
Since Tor eno (SH) (z) > n, Ta eno (Sto) (z) < mand Oo, eno (St. (z) < v, we have Vota te 
Crrno (E7,1). So, there exists at least one x € £ with A € Q pene (Yumo/7) Such that 


Ta(x) + Tax(x) > 1, ma(x) + May (x) $1, oa(x) + 03s (x) <1. 


Thus, &* (x) 4 0. Suppose that ny = T,, (x), m1 = 70,,(x) and v; = o,, (x). Then, x € 


Ny ,My,01 
Brand nj, +7,(x) >1,mi +74 < 1,01 +04(x) <1,so that A € Q pene (x 1). Now, 
Z 


foun 
Sie = napHES there is at least one z’ € £ such that 1,(z) + %(z) —1 > T(z), 
My (z) + My(z)—1 S mMy(Z), op(z) +o,(2)—-1 < o(z) ¥, PTT) > 7, P*(TI) < 
1—r, P° (Il) <1-r and Be Qrone ( m, m0,/1)» This is also true for A. So, there is at 
least one z’ € £ such that T4(z’) + TAZ tS t(z), ma(z)+ 71, (Z ) -l1l< T(z ), 
ga(z)+05(z)—1 < o,(z’). Since A is an arbitrary and A € Qpeno (Ynmp- 1), then 
Toy (z) >n, Th (z) <m, Ons (z) < v. This contradicts Equation (4). Thus, 23 > Crra0 (Ex,r). 
(4) Using (3) we obtain that (&*)* = Cyrno ((S¥)*, 1) < Coro ((E%,r) < SF. 
(5) Straightforward. 
(6) (=) Since Z,@ < EV O. By (1), we have Gf < (ZV ©)* and OF < (EV O)*. Thus, 
Bt v @F < (EVO). 
(<=) Let Bt V O*% F (EV O)*; then, there exist z € £ and n.m.v € Ep such that 


Since T seventy 2) <n, 
Oxy (Zz) > v or Tex(z) < 1, Mes(Z) > m, Vgs)(Z) = v. So, there exists Ay € Qprno (Yum) 
such that for each x € £ and for some P™(I],) > r, P™(Il)) < 1-7, P°(Ih) < 1-1 


we have, 


=m,C 


csver) (Z) 2 0, we obtain Tas (z) < 1, Tax(z) 2m, 
a A ia 


epvex) (2) 


4, (x) +(x) —1< ty, (2), 


TL A (x) =P 7, (x) => Tn, x), 
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O,, (x) +0, (x) —1> oy, (x). 


Similarly, there exists Az € Qo (Yi m/1) Such that for each x € £ and for some P*(IIy) > 
r,P™(IIz) <1—41, P° (Iz) < 1-1 we have, 


Since A = Ay A Az © Open (Ynmor 1) and by (P3), we obtain P* (IT; A IIz) = r, P™ (Ih A 
Il) <1-—r, P° (11, \M2) < 1-1. Thus, for each x € €, 


CA) ge 1 Or, At, (x). 


Hence, T suey (z) <n, Te asayt (z) >m, Ce + (Z) > v. This is a conflict with Equation (5). 
Thus, &* V O* > (EV O)F. 


(7) and (8) are obvious. 


Example 4. Suppose that £ = {1;, 2,13}; define the svns Ay, Az, A3,© € €€ as follows 
A, = ((0.8, 08, 0.8), (0.8, 0.8, 0.8), (0.8, 0.8, 0.8)), 
Ay = ((0.6,0.6,0.6), (0.6, 0.6, 0.6), (0.6, 0.6,0.6)), 
As = ((0.5,0.5,0.5), (0.5, 0.5, 0.5), (0.5,0.5,0.5)), 
© = ((0.2,0.2,0.2), (0,0,0), (0,0,0)). 
Define the mappings T*,T™,T° : G — Eand P™, P™, PP? : & — Eas follows: 


lf 2=0,; 1, if E=0, 
1, f E=1 1 if 5=0 
TR) = 4 é Tm)a de I 
a) 1, f Z= A, ee) 5, f 0<E<0, 
0, otherwise 0, otherwise, 
Of Se=0, 0. f e=0, 
= 0.7 B=, - | ¢ oO) 
1 (m = - me ee) = 4’ =, 
ue) 1, if B= Ay, ee) 5, FO<E<@, 
1, otherwise, 1, otherwise, 
Of e=0, 0. af 2=o, 
ee Ff 21, - 2, if Z=0, 
oR => o a 37 et, 
ee 1, if B= Az, ee x, f 0<E<@O, 
1, otherwise, 1, otherwise, 


Let B = ((0.4,0.4,0.4), (0.4, 0.4, 0.4), (0.4, 0.4,0.4)). Then, 0 = (B*)* 4 B* = 0.2. 
2 2 2 
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Theorem 5. Let (£,7°”, P™”) be an sunpts and {B; : i € J} c G*. Then: 


(1) (VEf: ie J) < (Vi: fe |e. 
(2) (AS): ie DES (AG): EJ). 


Proof. (1) Since 3; < \/ &j, for alli € J, by Theorem 4(1), we obtain (S;)* < (V &;)*, for 
every i € J. Thus, 


(VG tens (yee teh,. 
(2) Since /\ 5; < Aj, and by (1) in Theorem 4, we have (/\3;)* < (&;)*, Vi € J. Hence, 


(AG)dF: t€)) = (AS: te DF. 


Remark 2. Let (£, 77, P™””) be an sunpts and © € &; we can define 


CX_ (B,r) =BUG*%, It (Br) = BA (Et). 


Te if 


Clearly, ioe is an sun-closure operator and (T*(P*),T7"(P™),T°(P”)) is the sunt generated 
by Cx 


Tino’ 


)(S) =\/{r | Cc a (E’, r) a a}. 


Now f Pe" =P Veet henCy © SSUES SVC (Et) Cae (Ea): 
So, T™* (PX) = Tt Te (Prt) = T™ and T°*(P°) = T°. 


Theorem 6. Let (£,7°”, P*™””) be an sunpts and 5 € & andr € @, and 5 € &*. Then 


(1) Die (EV 0,1) SDF (ST V De ct (O,7r). 

(2) Lene (3, r) < Le ae (Z,r) < a < Ce (Z,r) < Crone (Z,r). 
(3) Dk sep (ZA O,1) = Leno (B,1) A Lene (@,1). 

(4) Sa (= r) _ ee ee (3, ry and [CF ae (3, F)|? Baler (en r) 
Proof. Straightforward from C7 _.,, Tt. and Cpine- 


Theorem 7. Let (£,7,°"", P*””) and (£,7,°"", P™™”) be sunptss and 7," < 75, 7" = Ty, 
Tf > Ty. Then, 

(1) EF(7Z, P*) < EFT, P*), Se (Ty", P™) = 
Q) TP) < BUR), TP") > TP 


Ex(T,", P®) and 5% (Ty, P°) > EX (To, P*). 
\ Pad ae Be Teo (Pe). 


Proof. (1) Let 
ER(TE,P') LETEP), BYTE P™) ZB TTP™), 
Br (Ty, P’) 2 ET, P’), 


then, there exist z € £ and n,m,v € G9 such that 


Tap agen 2) 2" > Tore pr 2), 
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Since Tap ere pr) (2), Tey rz pny (Z) >m Oss cre py (z) > v, there exists A € Qrenw UL wit) 


with Pt (I) > 7, P™(Il) < 1-17, P° (11) < 1—1, such that for each x € £, 


OPewiaHle ae): Bie H= 1S ae, eles ee 1 Sa 


Since T' < Ty, 7," > Ty, Te > Te, we have A € Qyrne (Vsmurt > HENCE, Taper pr) (2) < 


1, Tap eax pry (z) > m, 0, TEP) (z) > v. This is a contradiction of Equation (6). 


kan’ 6 


(2) Similar to part (1). 


Theorem 8. Let (£,7°7", P[””) and (£,T°"", Pz”) be sunptss and Pf < Ps, Pf = Py, 
PY = P3. Then, 

(BP Be Poe) eer) See ae Pl) SP 
(2) POP?) < i ies aha 7T* PT) > T* BPE), yal ee) > Tors 


Proof. The same method as the proof of Theorem 7. 


Theorem 9. Let (£,7°””) bean sunts and P{™", P$” be two sun-primals on £. Then, & € &* 


andr € €o, 
(1) 
Ey (Pt \P3,T*) =S;(Pr,T") VE (P2,T*), 
Er (PL APS,T") = (Pl, 7") NS (P2,7"), 
BP AE) SEP FT ASP TT). 
(2) 
Er (Pr V P3,T*) = Se (PLT (Pl)) NE (Pa, 7 (PY ))), 
BAPE V PT) = Sh PLT (PL) V EMPL T"(P2)), 
BE(PL V PS, T°) = BF (PL, T*°(P)) VER(PL, T* (PP). 


Proof. (1) Let 


Bt(PENPET™)) £ Bf (PET) VBH(PLT"), 
BRPEA PET") 2 SPL T™) A Bf(PH,T™), 


BrP APT) 2 a(Pil JAS Ps, 7”): 
Then there exist z € £and n,m,v € €9 s.t. 


Tap parry (2) 2 > Taxepe rey 


Tae epee apg rm) (Z) <M S Mag px my (Z) A Map cpp gm (2)e (7) 


Oss (pe apy re) (z)<v< Ose (pe 70) (z) A ex pg.) (z). 


Since [T. s pz (2) V Tap¢pz.ry (2) <n, peop.) (z) A Tes pg 77) (z)] >m, xp ¢p¢.70) (z) A 


=r 


Osx (pe 0) (z)] > v, we obtain Tap pz rr) (2) <n, Teg pr rn) (2) > Mm, zp pe zo) (2) > vand 
Tap ppv) (2) <n, Teas epg rm) (2) > mM, x5 cpg ro) (2) > v. 
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First, by taking the first part, Top cpx rt) (2) <1, Tepcpp gm) (z) >m, Op epe 70) (2) > ©, 


there willbe Ay € Qice (WVaggit) with PPL) = r, PPL) < 1-7, PUL) S12, 
such that V, x € £, 


o, (x) +0, (x) —1> 0%, (x). 


there will be A, © Qpinc (Yam?) with Pz (II,) = 1, PY(IL,) < 1-7, PFML,) < 1-7, 
such that V, x € £, 


Secondly, by taking the second part, T., (PET) (2) <4, Tes cpg rm) (z) >m, Oss (pg.70) (2) > o, 


Thus, V y € £, we obtain 


Since (A, A A,) © Qrene (Ynmor 1) and 
(AP UL ATLS 2. GOEL Vv ih) Sa, 


(PAP Vibe tae 


we obtain that Tap (pr APET™)) (2) SG Teg > v and this is a 


contradiction of Equation (7). So, 


(PE APE,T®) (z) >m, xs (Po APS ,T?) (z) 


Bt(P} APJ,T)) < ER(PLT) VEH(PLT), 
BYP APS,T") > EMPL T") ASPET), 
EA (PL APS,T°) > BA(PYL,T") AES (PS,T”). 


On the other side PT APS < Pi, PI VPS > PI, PL VPs > Pl and PI APS < P35, 
PL V PS > P,P] V PJ = PJ, so by Theorem 4(2), 


Er(PT APZ) = Se (PH) VE (PZ), SP APS) < Er (Pr) AE; (PS), 
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Er (PY \ Pz) < By (Pl) AE; (Pz). 


Hence, Es (P? AP3,7*) = SF(PE,T*) VEPs, 7"), SF (PE APS T™) = EPLT™)A 
Es (Py,77) and BF(PY APS,7°) = SF “(pe jE YANG Ts 
(2) Similar to part (1). 


From the previous theory, we can see the important result that 
(T*(P°), T*(P™), T° (P*)) (for short T*(P)) and ([T*"(P")|*(P*), [T*™(P™) | (P™)), 
[T *°(P*)|*(P”)) (for short T**) are equal for any svn-primals on £. 


Theorem 10. Let (£,77’, P™””) be an sunpts. Then, for each 2 € & andr € 0, 
(1) SMP*) =ENPT), BY(P*) = EP" T*) and BA P°) = BH(P,T*)). 
(2) (T** (PT) = TT T**(P®) = TT T*"(P*)) =7T°,” 


Proof. By putting Pf = Ps, Pf = Pz and PY = PY in the second part of the above 
theorem, we obtain the required proof. 


Theorem 11. Let (£,7°”") be an sunts and P{”", P53” be two sun-primals on £. Then, V 
r€ é&ande ec &, TOPE APs) = Peer aT, Tee APS) HT ee 
T*" (Px) and T*’ (PY APS) = T* (Pl) VT (P35). 


Proof. (=): Since PT > PL AP3,PT < PIV P3,P] < PL VPs and Py > PIA 
Py, PS < PL VPS, Py < PY V Ps, by Theorem 8(2) we obtain T*"*(PT) > T** (PL APS), 
TOE) Ss PPE Pe Pe ey VP and TP) 2 rr APS) 
TAPE ST PE VPs) Tr) SF ry NV Pg). Mehce, 


TONE TA Fg Sod AP As), 


T* "(PL APs) road Malla 22)a VI "PS ), 
T* (PL APZ) = TPT) VT (PZ). 


(<=): Suppose that (T**(P]) AT*(PS))(E) > 1 (T (PL) VT" (PZ))(S) < 1- 
t (Te (PVT? (PSE) < 1—4r. Then, 7*(PF)(e) > 7, T*" (Pi) (@) S17, 
TP) \(e) Ss l=rand 7 (P32) a, 7 Pe 8) S167 Ps )e) S19 that 
means Crtno (EB, r)= = Bev eer) = 8° and Crtno (ES /r) = Ef V fergie (Py) =H: 
Thus, |2°|F(Pi"") < © and [E°|F(P3™) < E*. So, [B°|F(PI™) v (EF(PI™) < &F. 
From Theorem 9(1), we have [E°|7(P]”" A P37) < &°. Therefore, 7** (PT APZ)(E) >r 

T*"(PLEV PS)(E) <1-47,T* (PY V PZ)(S) < 1-1. This completes the proof. 


Definition 12. Let (£,7°"”) be an sunts with P*” an sun-primal on £. Then, T°” is called 
single-valued neutrosophic primal open compatible with P*”’, indicated by T™” = P°””, if V 
BEC Ying € Zand Il € & with P* (M1) > 1, P™ (Il) < 1-41, P* (11) < 1-1, there exists 
A € Qo eno (Yumort) such that 

tle) te) 1 <a), mye) mye) — 1S aye), Wye) ee) — 1S ey), 


holds for every z € £, then P*(2) > 1, P™(S) < 1-17, P?(S) < 1-17. 


Definition 13. Let {O;: i € IT} C ¢* such that O;gE, Vi € T andi € &. Then, {@;: ie T} 
is called an r-single-valued neutrosophic quasi-cover (for short, r-sunq-cover) of & iff, Vz € £, 


(2) + Ty er(o,) (2) S41, wie) 7 ._.(@,) (2) <1, 0, (8) %),-.(0,) 2) <1. 
Further, let (£, 7°”) be an sunts, for any 7*(©,) > 17, T77(©,) <1—-17r,T°(@,) < 1—r. 


Then, this r-svnq-cover will be called a single-valued neutrosophic quasi open-cover (for 
short, sungo-cover) of &. 
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Theorem 12. Let (£,7°’) be an svnts with svn-primal P'”” on £. Then, the following 
conditions are equivalent 


(1) Tin = prime, 

(2) If for each & € & has a sunqo-cover of {@; : i € T} such that t,(z) + To, (2) —1 S$ T%(2) 
1 4kz) + To, (Zh 1S 7 (2) eye) To, (z)-—1 > o,,(z), for every z € £ and for 
some T*(II) >7r, T"(11) < 1-7, T° (Hl) < 1-1, then P™(S8) >, P™(2) < 1-7, 


P? (a) S 1-4. 
(3) Forany & € &, 2A E% = 0 implies P™(S) > 1, P™(B) < 1-47, P? (2) <1—+. 
— ——s~ as 
(4) ForanyE € &,P™ 2 )>7r,P% 2) <1-7,P%( 2) <1-1,where E = 


ak 


V Vimy such that Yim, v ed but Yn, ™m,0 g o;. 
rN 


6) ForalT™ (2) Sn TVS) =< l= Te) < l=, wehave PT 2 ) Se 
= aN 
Pr E Panera B)<1-r. 


(6) Foreach & € &, if 2 contains no © # 0 with © < O%, then P™(S) > r, P™(SB) < 1-7, 
P° (EB) <1-r. 


Proof. 1 = 2: Let {O;: i € I} be an sungo-cover of & € @* such that, Vi € I, t,(z) + 
T(z) — 1 < T(z), 14 (2) + Mo, (Zz) —1 > My (Z), 04 (Z) + %,(Z) —1 > On (2), for any z € £ 
and for some PTS) >, pre ) <1—97,P°(S) <1—7. Thus, as {O;: 1 €T} is an sungo- 
cover of &, for each y,,,,,, € &, there exists at least one ©; such that ¥nm,0qOj. and for each 
z € £, T(z) +1, (2) -—1 < T(z), My(Z) + Mo, (2) —1 > my (Z), 7, (2) + %, (2) -1 > 
0, (Zz ) for some P(E )<l-47T (ID >r77) <1-7,7° (Il) < 1—r. Significantly, 
@. © Oe Vener!) Erome(1), we obtaih, P* (2) P(E) 1 — Py Se, 

2 = 1: It is clear from this that the family of {Q; : i € I'} contains at least one 
Ojo © Qrexe (Yumor 1), Such that every sun-point of & constitutes a sunqo-cover of E. 

1 => 3: Let BA G7 = 0, foreachz € ¢,y,,,, € & implies y,,,,, ¢ 27. Then, there exists 
A € Open (Ynmort) and P* (IT) =r, P™ (II) <1—r, P° (1) < 1—1, such that for all z € £ 


TZ) Pele) = La ele) Hl) ale) 1 SS ey ie eH LS oe). 


Since A € Qo ino (Ynmos 1), from (1), we have P* (2) > 1, P™(E) <1—7,P°(S) < 1-7. 

3 => 1: Foreach y,,,, € &, there exists an A € Qp eno (Ynmor1) Such that, for any z € £, 
Ty (z) + Ty (z) = hs Ty (z), Tl (z) + Ts (z) he Ty (z), oA (z) at 7; (Z) ae Oy (2), 
for some P*(II) > r, P" (II) < 1—r, P° (II) < 1 —r, implies y,,,,,, ¢ 57. Firstly, there are 
two cases: either E¥ = 0 or E¥ # Obut n > 1,,(z) £0,m < 7, (z) 0,0 < ¢,,(z) £0. 
Assume, if possible, y,,,,, € & such that n > T,,(z) £0,m < 1,,(z) 40,0 < 0,,(z) £0. 
Let n, = T,,(Z),m, = 7, (Z), 0; = 0, (Z),. Then, Vata &*(z). Secondly, Vai = H. 
Thus forall Be Oat), eS ee rs hr) Pn) <2; there 1s at 
least one z € £ such that 


TAZ) ete 2) 2) eg (Ze eg 2) LS Pz). Oelz) + 0n(2) = LS ee) 


Since Y pss <= this contradicts the assumption for each svn-point of £. So, Z* = 0. That 


means y,, ,,, © Simplies y,,,,, € Z;. Now, this is true for each E € &. So, 2 V Ek = 0. Thus, 
by (3), we obtain P*(S) > 1, P"(S) < 1-17, P°(B) <1—- ue Pee es pin, 


oS 
3 => 4: Let y, no € » Then, Yam,y € Z but y,n. € Sr. So, there exists an A € 
Qn0 (Ynmyrt) such that Vz € £, 


2) G2) 1 See ea) a ee (Sa Ae). Oye) ee) = 1); 


a) 


for some P™(IT) > 1, P™ (II) < 1-1, P° (II) < 1 —r. Since 
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lanl o 
Hi Hi 
= = 


=~ 
for some P'(II) > r, P*(II) < 1-1, P° (II) < 1—r. Thus, y,,,,, ¢ 57 implies that 


ir 


= —sN 
&* =0Oor & #4 Obutn > TAZ ym < TAX (2 Z),0 S 0X (2)- Let ¥, mo, © 
aha ha ie 
sun-point(£) such that n, < TXW(z) < n,m, > A(z) > mv, > on (2) = 2; 
mak i) el 


ey Sr ey 


aN 
beey = , -# Then VBS Oe Ves cig) and for every P‘(II) > 1, 


this means y,, cr 
P* (1) <1-—1r, P° (II) < 1-1, there is at least one z € £ such that 


(z) =1 %;{z), 7p (Zz) +7 (z) == 1% ly (Z), 03 (Z) +o (z) = lees 0 (z). 


&, then for any B € Qyrne (Yn, m,o,77) and P'(II) 2 7, P™(IT) < 1-4, 


Since & 4 
P° (II) < 1 r, there is at least one z € £ such that 


T(z) +7 (z) —1 > ty), Hp(Z) + (Zz) —1 = 7 (Z), 0, (z) +0,(z) -1 © 0, (2). 
ek : pa Peg . 
This implies Yn m,o, © Br But n, <1, m, > m,0v, > vandy,,,, € & implies 


oN 
z m* ror re mak _f 
ee a) and hence Ye ok ¢ &; . This is a contradiction. Thus, &* = 0, so that 


SO NNN ; 
Vimo © & implies y,,,, € S; with EF =0. Thus, & A &; =0foreveryS € &. 
Hence, by (3), P*( & )>r,P"( & )<1-7,P°( = )<1—-r. 


4 = 5: The same method as the proof of 3 = 4. 

4 => 6: LetS € &, E contains no @ 4 0 with® < ©%. Then, VE € &, E = 
—S~ 

& V(SA St). By Theorem 4(5), we have & ea ~(E V(EA 

Now, by (4), we obtain P*(E) > 1, P™(B) < 1-1, P*( 
Thus, [E A &¢]* = &* but EA Ek < Sf, then 2A E*% < (2A 
hypothesis if 0 4 © < Z with © < OF. Hence, E \ EX = 0,50, 2 = 
that P™(E) > 7, P™(&) < 1-7, ie )<1-r. 

6 => 4: Since VB € &*, 5A Et = 0. Hence, by (6), as 5 contains no non-empty single- 
valued neutrosophic subset © with © < OF, P™(Z) >7r, P™ (EB) < 1-7, P(E) <1—r. 

5 => 1: For every £ € é,y,,,,, € &, there exists A € Q7 eno (Ymy/1) Such that 


* 
= "EY VIE A Be. 
Bu 


o 
a 
= 
lane 
= 
= 


mak n 
—r;then, EF =0. 


ib 
ibs 
tou 
*)*. This contradicts the 
mS 
= by (4), we obtain 


t,(2) + (2) -1< QZ), m4(2)+mq(2)-1> Male), 74(z) +0; (2) —1 > on (2), 


holds for every z € £ and for some P‘(S) > 1, P(E) < 1-17, P°(G) < 1—r. This implies 
Y,, ™m,0 Sr. LettO=8 Be. Then, OQ; = (a V ig = mr (SF); = a Ee * by Theorem 4(4). So, 
cx (, r) =OV o% = 0. That means T*" (O°) >, T (6) < <1l-yr, T*"(@°) < <1-r. 


Tine 


Thus, by (5), we obtain that P™(©) > 1, P™(@) < 1-1, P?(@) <1-4r. 


oN 
Again, For any Ys mv € sun-point(£), Ys mv g oF implies Ys,m,0 € © but Ys mv Z oF — =F. 
So,O = 4VEr,y, 1. € &. Now, by the hypothesis about E, we have for every y,,,,, © Ey 


z, 
——N 
So, © =. Hence, P™(@) > r,P7™(@) < 1—1, P°(@) < 1-1. Thus, 7” - Pt”. 


Theorem 13. Let (£,7°) be an svnts with svn-primal P'”’ on £. Then, the following cases 
are equivalent and implied T*”” |= P*™?, 
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(1) For each € &,2 A Et = 0 implies E* = 0. 


—N 
(2) ForeachS¢ , g =0. 
(3) ForeachB € &£, 5A 8% = &%. 


Proof. The proof follows a similar line of reasoning to that of Theorem 12. 


5. Conclusions 


In this paper, first, we investigated the complex area of stratification of svn grills 
and determined some of their fundamental features. The links between svn grills and 
svn-primals were investigated. We also introduced and explored the concept of svn-primal 
open local functions in the context of Sostak’s sense. By extending the notions of svn sets 
and related topological structures, we have presented a novel approach to understanding 
the properties and relationships within this unique framework. 

Our investigation began by defining svn-sets and their corresponding notions. Build- 
ing upon these fundamental definitions, we introduced svnts and explored various oper- 
ations and properties within these spaces, such as the neutrosophic closure and interior. 
A central contribution of this work has been the introduction and exploration of svn- 
primals and their associated operators. We have provided several equivalent conditions 
characterizing the compatibility of svnts with neutrosophic primals. Additionally, we dis- 
cussed the properties of primal open local functions, their relationship with svnts, and the 
induced operators. 

In conclusion, the results presented in this paper contribute to the growing field of 
neutrosophic topology by offering a deeper understanding of svn structures in Sostak’s 
sense. The properties and correlations investigated here establish the framework for further 
studies in this field, opening options for future investigations and applications of these 
innovative notions in various fields. 

In terms of related and future research directions, it is of great interest to investigate 
the connections between our findings and the advancements in the field of neural networks 
(Gu and Sheng [36]; Gu et al. [37]; Deng et al. [38]; Gu et al. [39]). Furthermore, the possible 
connections to multidimensional systems and signal processing need further investigation, 
as illustrated by Wang et al. [40] and Xiong et al. [41]. 

By bridging the gap between svn structures and related domains, we might promote 
collaboration across disciplines and discover new applications for our findings. This not 
only enriches the discipline of neutrosophic topology, but also benefits the larger scientific 
community by providing new insights and fresh approaches to difficult problems. 

For forthcoming papers 

The theory can be extended in the following normal methods. 

1—Basic concepts of neutrosophic metric topological spaces can be studied using the 
notion of svn-primal present in this article; 

2—Examine the connected, separation axioms and soft closure spaces in the context of 
svn-primals. 
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Abbreviations 


The following abbreviations are used in this manuscript: 


n-set neutrosophic set 

sun-set single-valued neutrosophic set 

sunits single-valued neutrosophic ideals 

sunts single-valued neutrosophic topological spaces 

sunets single-valued neutrosophic grill topological spaces 
sunpts single-valued neutrosophic primal topological spaces 
sungo-cover single-valued neutrosophic quasi open-cover 
suns-primal single-valued neutrosophic primal 

Tr Pp — single-valued neutrosophic primal open compatible 
son-point single-valued neutrosophic point 
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